Summary. -In this paper we present a theory of reduction of quantum systems in the presence of symmetries and constraints. The language used is that of Lie-Jordan Banach algebras, which are discussed in some detail together with spectrum properties and the space of states. The reduced Lie-Jordan Banach algebra is characterized together with the Dirac states on the physical algebra of observables.
-Introduction
This paper is the second part of two that jointly present a theory of reduction of LieJordan algebras that can be used as an alternative to deal with symmetries and local constraints in quantum physics and quantum field theories. The algebraic approach to quantum systems [1] has had a profound influence in both the foundations and applications of quantum physics. The background for that approach is to consider a quantum system as described by a C * -algebra A whose real part are the observables of the system, and its quantum states are normalized positive complex functionals on it.
A geometrical approach to Quantum Mechanics [4] , [5] , [6] , [7] has also been developed in the last twenty years and has provided useful insight into such properties of quantum systems like integrability [10] , the intrinsic nature of different measures of entanglement [8] , [9] , etc.
Moreover a geometrical description of dynamical systems provides a natural setting to describe symmetries and/or constraints [2] . For instance, if the system carries a symplectic or Poisson structure several procedures were introduced along the years, like Marsden-Weinstein reduction, symplectic reduction, Poisson reduction, reduction of contact structures, etc. However, it was soon realized that the algebraic approach to reduction provided a convenient setting to deal with reduction of classical systems [12] , [13] .
In the standard approach to quantum mechanics, constraints are imposed on the system by selecting subspaces determined by the quantum operators corresponding to the constraints of the theory, Dirac states, and equivalence of quantum states was dealt with by using the representation theory of the corresponding group of symmetries. This paper is devoted to present a fully algebraic approach to the reduction of quantum systems.
While the first part of this contribution is focused mainly in classical mechanics, this second part is devoted to the study of the quantum case. Lie-Jordan algebras are the common algebraic language in both parts.
In the first two sections we introduce Lie-Jordan Banach algebras and discuss some useful spectral properties and the Cauchy-Schwarz inequalities. Then we will address the problem of the reduction of quantum systems as the reduction of Lie-Jordan Banach algebras. We will first consider the reduction in the presence of symmetries of the system and then in the presence of constraints. A precise characterization of the reduced algebra and an explicit description of the reduced states will be obtained. In the quantum case, the reduction procedure is more subtle than the classical one, due to the requirement imposed on the algebra to be non (Jordan) associative.
-Lie-Jordan Banach algebras
We recall here the definition of Lie-Jordan algebra already given in the first part of this contribution and then supplement the definition with a Banach structure. A LieJordan algebra is a real vector space L equipped with the symmetric Jordan product • and the antisymmetric Lie bracket [·, ·] satisfying the Jacobi identity
and the associator identity
for some ∈ R.
Combining (2) and (3) we obtain the weak associative property of Jordan algebras
Definition 1 (Lie-Jordan Banach algebra). A Lie-Jordan algebra L, complete with respect to a norm · that satisfies:
forall, a, b ∈ L is called a Lie-Jordan-Banach algebra, LJB-algebra for short.
Notice that if we are given a LJB-algebra L, by taking combinations of the two products we can define an associative product on the complexification L C = L ⊕ iL. Specifically, we define:
Such associative algebra equipped with the involution x * = (a + ib) * = a − ib and the norm x = x * x 1/2 is the unique C * -algebra whose real part is precisely L [22] .
-Spectrum and states of Lie-Jordan Banach algebras
Definition 2. Let L be a LJB-algebra. The spectrum σ(a) of a ∈ L is defined as the set of those z ∈ R for which a − z1 has no inverse in L.
Note that a LJB-algebra L is a complete order unit space with respect to the positive cone
or equivalently an element is positive if its spectrum is positive. We shall in this section prove some useful properties of the spectrum and then the Cauchy-Schwarz like inequalities.
Proof. For z = 0 the invertibility of a
Proof. Note that a 
Proof. By applying the continuous functional calculus, it is well known that every X ∈ L has the decomposition X = X + + X − [18] , [20] , where
which is a negative quantity and then in turn implies that X − = 0 and then X = X + ≥ 0.
The space of states S(L) of a Jordan-Banach algebra consists of all real normalized positive linear functionals on L, i.e.
The state space is convex and compact with respect to the w * -topology. We shall now prove the Lie-Jordan algebra version of the Cauchy-Schwarz inequalities.
Theorem 2. Let L be a LJB-algebra and ρ a state on
Proof. Let λ ∈ R, then we have 
-Reduction by symmetries
We can consider a symmetry associated to a Lie group G with Lie algebra g as a map
which assigns to each element g of the group, an automorphism U (g) of the Lie-Jordan algebra algebra L. Let ξ ∈ g, then the infinitesimal generator of the symmetry is defined asξ
and is a Jordan derivation,
i.e.ξ ∈ Der(L, •). In additionξ is a skew derivation [17] , [22] since it preserves the positive cone of the algebraξ(L + ) ⊂ L + and hence, by a theorem on Jordan derivations
It follows thatξ is also a Lie derivation. Then if D is a set of derivations describing the symmetries of the LJB-algebra, we can introduce the subspace
which is easily seen to be the Lie-Jordan subalgebra representing the symmetrical physical algebra of observables. The states on the reduced algebra are simply given by the restriction of the states of the full algebra on the subalgebra: 
that is the algebra of observables of a particle on the sphere which is generated by {θ,p θ ,φ,p φ }.
-Reduction by constraints
A quantum system with constraints is a pair (L, C) where the field algebra (L, •, [·, ·]) is a unital LJB-algebra containing the constraint set C [14] , [15] . The constraints select the physical state space, also called Dirac states
where S(L) is the state space of L. We define the vanishing subalgebra V as:
Proof. Let a, b ∈ V. From (3) it follows:
From the inequalities (8)(9) it is easy to show that if ω(a 2 ) = 0 then
Then if we apply the state ω to the expression (20) , from (21) it follows:
By definition of V, this means that ∀ a, b ∈ V, a • b ∈ V. By applying the state ω to the relation
Hence V is a Lie-Jordan subalgebra and by definition of state ω(1) = 1, hence 1 / ∈ V. V also inherits the Banach structure since it is defined as the intersection of closed subspaces.
We can use the vanishing subalgebra to give an alternative useful description of the Dirac states.
Proposition 2. With the previous definitions we have
Proof. As V is a subalgebra and it contains C it is clear that the right hand side is included into S D .
To see the other inclusion it is enough to consider that for any state ω(a) 2 ≤ ω(a 2 ), therefore any Dirac state should vanish on V.
Define now the Lie normalizer as
which corresponds roughly to Dirac's concept of "first class variables" [3] . 
Let us now prove that ∀ v ∈ V, v • a ∈ V, this is V is a Jordan ideal of N V :
which gives zero by repeated use of properties (8) and (9). Then it becomes easy to prove that N V is a Jordan subalgebra:
Finally, since the Lie bracket is continuous with respect to the Banach structure, it also follows that N V inherits the Banach structure by completeness.
In the spirit of Dirac, the physical algebra of observables in the presence of the constraint set C is represented by the LJB-algebra N V which can be reduced by the closed Lie-Jordan ideal V which induces a canonical Lie-Jordan algebra structure in the quotient:
We will denote in the following the elements of L by a. The quotient Lie-Jordan algebra L carries the quotient norm,
where a ∈ N V is an element of the equivalence class [a] of N V with respect to the ideal V. The quotient norm provides a LJB-algebra structure to L. 
It follows that the Lie normalizer N V is given by the operators preserving H l :
and the reduced algebra L = N V /V = { â: H l → H l }, which gives rise to a reduced nonlinear dynamics out of an unreduced linear one.
5
. 1. The space of states of the reduced LJB-algebra. -The purpose of this last section is to discuss the structure of the space of states of the reduced LJB-algebra with respect to the space of states of the unreduced one.
Let L be a LJB-algebra and V its vanishing subalgebra with respect to a constraint set C and N V the Lie normalizer of V. Then we will denote as before by L the reduced Lie-Jordan Banach algebra N V /V and its elements by a.
Let S = S( L) be the state space of the reduced LJB-algebra L, i.e. ω ∈ S means that ω( a 2 ) ≥ 0 ∀ a ∈ L, and ω is normalized. Notice that if L is unital, then 1 ∈ N V and 1 + V is the unit element of L. We will denote it by 1. We have the following:
There is a one-to-one correspondence between normalized positive linear functionals on L and normalized positive linear functionals on N V vanishing on V.
Proof. Let ω ′ : N V → R be positive. The positive cone on L consists of elements of the form Notice also that given a positive linear functional on N V there exists an extension of it to L which is positive too. Proof. Since L is a JB-algebra, it is also a Banach space. Due to the Hahn-Banach extension theorem [20] , there exists a continuous extension ω of ω ′ , i.e. ω(a) = ω ′ (a), ∀ a ∈ Z, and moreover ω = ω ′ . From the equality of norms and the fact that ω ′ is positive we have ω = ω ′ (1), but ω is an extension of ω ′ then ω = ω(1), which implies that ω is a positive functional and satisfies all the requirements stated in the lemma.
We can now prove the following: 
